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In this work we investigate several theoretical and phenomenological implications of a scalar -
F (R) gravity containing a non-minimal coupling to the scalar curvature. This kind of model is a
generalization of axion-F (R) gravity models, so we shall examine several implications of the latter
theory. Firstly we study in detail the Einstein frame picture of the model, and also we discuss the
dynamics of the cosmological system. By appropriately using the equations of motion, we demon-
strate that an arbitrary cosmological evolution can be realized. Also we study the gravitational
waves of the theory, and we demonstrate that the speed of their propagation is the same as in F (R)
gravity, but there is the possibility of enhancement or dissipation of the gravitational waves, an
effect quite similar to the propagation of gravity waves in a viscous fluid. Finally, we examine the
energy momentum tensor and we investigate which quantities related to it are conserved. We also
present the constraints imposed by the radiation domination era on the non-minimal coupling of
the axion scalar field to the scalar curvature.
PACS numbers: 04.50.Kd, 95.36.+x, 98.80.-k, 98.80.Cq,11.25.-w
I. INTRODUCTION
Dark matter is one of the persisting problems in modern theoretical particle physics and cosmology, and up to
date, no experimental verification occurred. Observational data coming from galactic scale structures, like the bullet
cluster, or from galactic rotation curves, strongly indicate that dark matter seems to control the dynamics of galaxies
rotation and also seems to control the collision of galaxies. In addition, the observation of the bullet cluster, strongly
indicates that dark matter is a particle, and halos of dark matter particles accompany the visible structure of a galaxy.
Although, the dark matter effects can be mimicked by modified gravity itself [1–6], see also [7, 8], observations seem
to favor the particle nature of dark matter for the moment at least. Up to present date, the dark matter searches
utterly failed to identify any dark matter particle, and to our opinion this is because most dark matter searches
focused on mass scales for the weakly interacting massive particle (WIMP) of the order up to GeV or even hundred
GeV [9]. However, the scientific community searching for WIMPs now focuses on mass scales of eV or much more
smaller mass scales. One of the most promising class of WIMPs with tiny mass is the axion, or any axion like particle
predicted from low scale compactifications of string theory [10–18]. In fact several experimental and observational
proposals exist already in the literature [19–30], see also [31], and many researchers aim to identify in the laboratory
this elusive particle. To our opinion, if the axion exists, it will be found in the next 10-15 years due to extensive
experimental searches now performed, mainly based on the fact that axions and photons interact in the presence of
magnetic fields [32–34], and the axion is the last resort of particle dark matter, unless nature hides the WIMPs to a
supersymmetry breaking scale, and this will be another surprise for theorists. The axion is known to provide a very
good candidate for dark matter, or at least some of the dark matter existing in the Universe [10], and when we refer
to the axion, this should not be confused with the QCD axion, which is a pseudo-scalar field, but we refer to any
axion-like particle, with a primordial U(1) broken symmetry. Particularly, these are known as misalignment axion
fields, which are canonical scalar fields. In Ref. [35], we investigated an effective model of F (R) gravity in the presence
of an misalignment axion field, and by using the axion field dynamics known from the literature [10], we demonstrated
that the axion via a non-minimal coupling to the scalar curvature affects the late-time era, making possible for the
dark energy era to be realized. Some striking features of the model were the facts that firstly, the early-time era was
controlled by the well-known R2 gravity [36], and the axion field after it starts oscillating, for cosmic times for which
ma ≥ H , so during and after the reheating era, its energy density scales as ρa ∼ a−3. Effectively it describes a dark
matter condensate field, which on average yields an effective equation of state (EoS) parameter 〈w〉 = 0.
In this work, we shall further explore several theoretical and phenomenological features of the model [35], and of
some extensions of this model, to include non-canonical scalar fields. So the study is focused on theoretical problems
and implications of F (R) gravity in the presence of a non-canonical in general scalar field, and we emphasize on the
2phenomenology of the theory containing the canonical scalar field, which is a subcase. Particularly, we shall consider
the Einstein frame picture of the scalar-F (R) gravity, and we shall derive the no-ghost conditions. Also we shall
consider the general dynamics of the model and we shall demonstrate that the resulting gravitational equations of
motion can be used as a reconstruction technique, which enables us to realize an arbitrary cosmological evolution.
In addition, we shall study the gravitational wave spectrum, and we shall find several constraints on the scalar-F (R)
gravity theory. Finally, the energy conditions are considered, and by using these, for the radiation domination era,
we evince how the scalar-F (R) gravity theory can be constrained, and specifically how the non-minimal coupling of
the axion to the curvature can be constrained.
The motivation for using extensions of F (R) gravity including scalar fields is threefold. Firstly, F (R) gravity has
been considered and actively investigated as a model quite elegantly describing dark energy [37, 38]. In the F (R)
gravity, appears a scalar particle called scalaron which interacts with the standard model particles very weakly and
therefore the lifetime of this particle could be rather long. Then some scenarios where the scalaron can be dark
matter particle have been also considered [39–41]. This scenario is very fascinating because the F (R) gravity might
explain both of the dark energy and dark matter. Since the scalaron is directly interacting with the standard model
particles, however, the scalaron can decay into the standard particles even if the interaction is very weak and we need
to consider some scenario to suppress this decay. One easy way to avoid this problem is to introduce another scalar
field and we may regard the particle corresponding to the field as a dark matter. Secondly, the Starobinsky model
seems to be quite robust against the Planck 2018 [42] constraints on inflation, and thirdly, after the Higgs particle
discovery [43], the scalar fields seem to be an inherent constituent of the primordial era. Thus in this work we shall
further explore the theoretical and phenomenological implications of the misalignment axion-F (R) gravity.
This paper is organized as follows: In section II, we briefly recall the essential features of the misalignment axion-
F (R) gravity model developed in Ref. [35]. In section III, we study the Einstein frame picture of the model, and we
derive the no-ghost criteria, while in section IV, we discuss the dynamics of the model. We also provide a general
reconstruction technique that can be used to realize any arbitrary cosmological evolution. In section V we study the
gravitational waves of the axion-F (R) gravity model, and we consider several constraints related with the observations.
In section VI, we discuss the energy conditions, and we study the dynamics of the model for several eras, and we
demonstrate how the radiation domination era may impose a constraint on the non-minimal coupling of the axion to
the scalar curvature. Finally, the conclusions follow at the end of the paper.
II. OVERVIEW OF THE NON-MINIMALLY COUPLED AXION-F (R) GRAVITY MODEL
In this section we shall briefly recall the main outcomes of the model developed in Ref. [35], in order to put the
present paper in proper context, and to have a reference point for the studies that follow. The axion-like F (R) gravity
model of Ref. [35] was based on the following gravitational action,
S =
∫
d4x
√−g
[
1
2κ2
F (R) +
1
2κ2
h(φ)G(R) − 1
2
∂µφ∂µφ− V (φ)
]
, (1)
with κ2 = 18piG , and G stands for Newton’s gravitational constant. The F (R) gravity chosen in Ref. [35] was the
well-known R2 gravity,
F (R) = R+
1
36H2i
R2 . (2)
Also the coupling h(φ) to G(R), was assumed to be,
h(φ) ∼ 1
φδ
, (3)
choosing δ > 0, and also the G(R) function is,
G(R) ∼ Rγ , (4)
with the parameter γ belonging to the interval 0 < γ < 0.75. The model of Ref. [35] is an effective model which relies
mostly on the axion field dynamics. The axion field at early times, when the axion mass ma satisfies ma ≪ H , is
considered frozen in its vacuum expectation value φi, with the potential being,
V (φ(t)) ≃ 1
2
m2aφ
2
i (t) . (5)
3The following initial conditions at early times are assumed,
φ˙(ti) = ζ ≪ 1, φ(ti) = faθa , (6)
with ti being the cosmic time corresponding to the inflationary era, and fa being the axion decay constant. In view
of the initial conditions, the axion is considered frozen, thus it contributes a minor overdamped cosmological constant
during inflation, therefore the evolution during the inflationary era is governed solely by the R2 gravity. As the
Universe expands and cools, when ma ≥ H , the axion field starts to oscillate. For all cosmic times, the axion field
equation of motion is,
φ¨+ 3Hφ˙+m2aφ = 0 , (7)
so for ma ≥ H , by assuming a slow-varying oscillatory behavior for the axion, of the form,
φ(t) = A(t) cos(mat) , (8)
with A(t) quantifying the slow-varying behavior, since it satisfies,
A˙
ma
∼ H
ma
∼ ǫ≪ 1 , (9)
by solving the equation of motion (7) with the ansatz (8), we get the solution,
A ∼ a−3/2 . (10)
Hence, for cosmic times after the inflationary era, during the reheating and until late times, the scalar field behaves
as,
φ(t) = a−3/2 cos(mat) . (11)
Thus, at early times, the axion field has an effective equation of state (EoS) parameter wa = −1, while for cosmic
times ma ≫ H , it has an average EoS of the form wa = 0, which describes dark matter. Finally, as it was shown
in Ref. [35], the late-time dynamics of the model is governed solely by the term ∼ h(φ)G(R), with h(φ) ∼ φ−δ and
G(R) ∼ Rγ and 0 < γ < 0.75.
In the following sections we shall discuss several issues related with the phenomenological aspects of the axion-
F (R) gravity model. Particularly, we shall consider the Einstein frame counterpart theory, and we discuss the
constraints imposed by the non-ghost condition, and several other theoretical issues related to the Einstein frame
picture. Also we shall present the reconstruction techniques for the general scalar-F (R) gravity, which enables us to
realize any cosmological solution, given the Hubble rate. This is particularly useful for cosmological eras in between
the inflationary and dark energy era. Also we shall discuss the gravitational waves solutions corresponding to early
times, and finally, we shall examine if the energy conditions are satisfied, and how the radiation domination era may
constrain the coupling of the scalar field h(φ) to the G(R) gravity term.
III. THE EINSTEIN FRAME PICTURE: CONSTRAINTS AND LIMITATIONS
Let us firstly consider the Einstein frame picture of the scalar-F (R) gravity theory, and we discuss in some detail
some theoretical implications and constraints of the model.
Let us consider a more general gravitational action in comparison to the one appearing in Eq. (1), of the form,
S =
∫
d4x
√−g
[
1
2κ2
{F (R) + h(φ)G(R)} − 1
2
ω(φ)∂µφ∂
µφ− V (φ) + Lmatter (gµν ,Φi)
]
, (12)
where F (R) and G(R) are functions of the scalar curvature R and h(φ), ω(φ), and V (φ) are functions of the scalar
field φ. Also, Lmatter (gµν ,Φi) is the Lagrangian density of the matter fluids present -if any- and Φi’s express the
matter fields. We now rewrite the action (12) by introducing the auxiliary fields A and B as follows,
SAB =
∫
d4x
√−g
[
1
2κ2
{
B (R−A) + F (A) + h(φ)G(A) − 1
2
ω(φ)∂µφ∂
µφ− V (φ)
}
+ Lmatter (gµν ,Φi)
]
. (13)
4Then by varying the action with respect to the auxiliary scalar A, we obtain,
B = F ′(A) + h(φ)G′(A) . (14)
Then the condition for the absence of the anti-gravity or the condition that the graviton is not ghost is given by,
F ′(A) + h(φ)G′(A) = F ′(R) + h(φ)G′(R) > 0 . (15)
Obviously, this condition is satisfied by the gravitational action (1). Upon redefining the scalar field B by using a
new scalar field σ as B = eσ, we assume that Eq. (14) can be solved with respect to A as A = A(φ, σ). Then the
action (13) can be rewritten as follows,
Sσφ =
∫
d4x
√−g
[
1
2κ2
{
eσ (R −A (φ, σ)) + F (A (φ, σ)) + h(φ)G (A (φ, σ))− 1
2
ω(φ)∂µφ∂
µφ− V (φ)
}
+ Lmatter (gµν ,Φi)
]
. (16)
By the scale transformation of the metric,
gµν = e
−σ g˜µν , (17)
the action (16) can be rewritten in the Einstein frame, and it is equal to,
SE =
∫
d4x
√
−g˜
[
1
2κ2
{
R˜− 3
2
∂µσ∂
µσ − 1
2
e−σω(φ)∂µφ∂
µφ− U (φ, σ)
}
+ e−2σLmatter
(
e−σg˜µν ,Φi
)]
,
U (φ, σ) ≡e−σA (φ, σ) + e−2σ {−F (A (φ, σ))− h(φ)G (A (φ, σ)) + V (φ)} . (18)
In addition to Eq. (15), the condition that ensures the absence of ghost degrees of freedom is,
ω(φ) > 0 , (19)
which is clearly satisfied by the gravitational action (1). Also, let us quote here a marginal remark, related to the
swampland criteria, which is the following, the constraint given by the so-called swampland conjecture could have the
following form, √
1
3
(
∂U
∂σ
)2
+
eσ
ω(φ)
(
∂U
∂φ
)2
≥ cU , (20)
with a constant c. Since B = eσ, Eq. (14) yields,
0 = −eσdσ + (F ′′(A) + h(φ)G′′(A)) dA+ h′(φ)G′(A)dφ , (21)
and we obtain,
∂A(φ, σ)
∂φ
= − h
′(φ)G′(A)
F ′′(A) + h(φ)G′′(A)
,
∂A(φ, σ)
∂σ
= − e
σ
F ′′(A) + h(φ)G′′(A)
, (22)
which in conjunction with Eqs. (14) and (18), indicates that,
∂U
∂σ
= −e−σA− 2e−2σ (−F (A)− h(φ)G(A) + V (φ)) , ∂U
∂φ
= e−2σV ′(φ) . (23)
Then since A = R in the original Jordan frame action, and B = eσ, by using Eq. (14), we can rewrite the condition
(20), as follows,

1
3
{
− R
F ′(R) + h(φ)G′(R)
− 2 (−F (R)− h(φ)G(R) + V (φ))
(F ′(R) + h(φ)G′(R))
2
}2
+
ω(φ) (V ′(φ))
2
(F ′(R) + h(φ)G′(R))
3


1
2
≥ c
[
R
F ′(R) + h(φ)G′(R)
+
−F (R)− h(φ)G(R) + V (φ)
(F ′(R) + h(φ)G′(R))2
]
. (24)
5As an example, we consider the following model,
F (R) = R+ f0R
2 , h(φ)G(R) = h0φ
−δRγ . (25)
Here f0, h0, δ, and γ are constants and we may assume δ > 0 and 0 < γ < 3/4. Then Eq. (14) has the following form
B = 1 + 2f0R+ γh0φ
−δRγ−1 , (26)
and the condition (24) gives√
1
3
(R+ (2− γ)h0φ−δRγ − V (φ))2 + ω(φ) (V ′(φ))2 (1 + 2f0R+ γh0φ−δRγ−1)
≤ c (f0R2 + (γ − 1)h0φ−δRγ + V (φ)) , (27)
which constrains the value of h0 and the non-minimal coupling h(φ) in general.
IV. GENERAL DYNAMICS IN THE JORDAN FRAME: INFLATION AND INTERMEDIATE ERAS
In this section we shall discuss the dynamical evolution of the scalar-F (R) gravity gravitational system, which
is governed by the equations of motion. Also we shall show how the gravitational equations can be used as a
reconstruction technique, and in effect an arbitrary cosmological evolution may be realized by the theory at hand.
By varying the action (12) with respect to the metric, we obtain the following equations of motion,
0 =
1
2
gµν (F (R) + h(φ)G(R)) −Rµν (F ′(R) + h(φ)G′(R))− gµν (F ′(R) + h(φ)G′(R)) +∇µ∇ν (F ′(R) + h(φ)G′(R))
+
1
2
ω(φ)∂µφ∂νφ+
1
2
gµν
(
−1
2
ω(φ)∂ρφ∂
ρφ− V (φ)
)
+
κ2
2
Tmatterµν , (28)
where Tmatterµν is the energy-momentum tensor of the matter fluids present. On the other hand, the variation of the
action (12) with respect to the scalar field φ gives,
0 = ∂µ (ω(φ)∂µφ) + h
′(φ)G(R) − V ′(φ) . (29)
In a spatially flat FRW universe,
ds2 = −dt2 + a(t)2
∑
i=1,2,3
(
dxi
)2
, (30)
and by assuming that the scalar field φ depends only on the cosmological time t, the (t, t) and (i, j) components of
(28) have the following form,
0 =− 1
2
(F (R) + h(φ)G(R)) + 3
(
H2 + H˙
)
(F ′(R) + h(φ)G′(R))− 3H d
dt
(F ′(R) + h(φ)G′(R))
+
1
4
ω(φ)φ˙2 +
1
2
V (φ) + κ2ρ , (31)
0 =
1
2
(F (R) + h(φ)G(R)) −
(
H˙ + 3H2
)
(F ′(R) + h(φ)G′(R)) +
(
d2
dt2
+ 2H
d
dt
)
(F ′(R) + h(φ)G′(R))
+
1
4
ω(φ)φ˙2 − 1
2
V (φ) + κ2p , (32)
where, the Hubble rate H is defined by H = a˙/a and the scalar curvature R is given by R = 12H2+6H˙ . Furthermore
ρ and p are the energy density and the pressure of the matter fluids, respectively. By using the ambiguity for the
redefinition of the scalar field φ, we may identify φ = t. Then Eqs. (31) and (32) can be rewritten as,
ω(φ) =− 2
{
2H˙ (F ′(R) + h(φ)G′(R)) +
(
d2
dt2
−H d
dt
)
(F ′(R) + h(φ)G′(R)) + κ2 (ρ+ p)
}∣∣∣∣
t=φ
, (33)
V (φ) =
[
F (R) + h(φ)G(R)−
(
4H˙ + 6H2
)
(F ′(R) + h(φ)G′(R)) +
(
d2
dt2
+ 5H
d
dt
)
(F ′(R) + h(φ)G′(R))
6−κ2 (ρ− p)
]∣∣∣
t=φ
, (34)
Then given an arbitrary cosmological evolution H(t), by using the equation of state and the continuity equation, we
may find the explicit t dependencies of ρ and p. Then the right hand side of both Eqs. (33) and (34) is expressed as a
function of the cosmic time t. Since φ = t, by replacing t with φ in the right hand side of both Eqs. (33) and (34), we
obtain the explicit forms of ω(φ) and V (φ) as functions of the scalar field φ. This indicates that an arbitrary expansion
history of the Universe described by H = H(t) can be realized by choosing ω(φ) and V (φ) to satisfy Eqs. (33) and
(34) for any form of F (R), G(R), and h(φ). As an example, we consider the model in which the scale factor is,
a = A(t) ≡ a0e
(HI−HL)t
1+HT t
+HLt , (35)
where a0, HI , HT , and HL are dimensionful constants. Then, Eq. (35) yields,
H = H(t) ≡ (HI −HL)
(1 +HT t)
2 +HL . (36)
In effect, cosmic times for which t≪ 1HT , H ∼ HI , correspond to the inflationary era in the early Universe and cosmic
times for which t ≫ 1HT , H ∼ HL, correspond to the accelerated expansion of the late Universe. We also find that
the scalar curvature R is given by,
R = R(t) ≡ 12


(
(HI −HL)
(1 +HT t)
2 +HL
)2
− (HI −HL)HT
(1 +HT t)
3

 . (37)
When the matter has a constant EoS parameter w ≡ pρ , ρ is given by ρ = ρ0a−3(1+w) with a constant ρ0. Then Eqs. (33)
and (34) indicate that the Universe whose evolution in the expansion is given by (35) is realized by choosing,
ω(φ) =− 4H′ (φ) (F ′ (R (φ)) + h(φ)G′ (R (φ)))− 2
(
d2
dφ2
−H (φ) d
dφ
)
(F ′ (R (φ)) + h(φ)G′ (R (φ)))
− 2κ2 (1 + w) ρ0 (A (φ))−3(1+w) , (38)
V (φ) =F (R (φ)) + h(φ)G (R (φ))−
(
4H′ (φ) + 6H (φ)2
)
(F ′ (R (φ)) + h(φ)G′ (R (φ)))
+
(
d2
dφ2
+ 5H (φ) d
dφ
)
(F ′ (R (φ)) + h(φ)G′ (R (φ)))− κ2 (1− w) ρ0 (A (φ))−3(1+w) . (39)
Here the functions F (R), G(R), and h(φ) can be arbitrary but we may choose them as in (25).
V. GRAVITATIONAL WAVES OF THE AXION-F (R) GRAVITY THEORY
We now consider the gravitational wave based on the action (18) in the Einstein frame by considering the pertur-
bation of the background g˜µν = g˜
(0)
µν as g˜µν = g˜
(0)
µν + h˜µν in the Einstein equation,
R˜µν − 1
2
g˜µνR˜ = 3∂µσ∂νσ+ e
−σω(φ)∂µφ∂νφ+ g˜µν
(
−3
2
∂ρσ∂
ρσ − 1
2
e−σω(φ)∂ρφ∂
ρφ− U (φ, σ)
)
+ κ2T˜matterµν . (40)
Here the matter energy momentum tensor T˜ µνmatter in the Einstein frame is,
T˜ µνmatter ≡
2√−g˜
∂
(√−g˜e−2σLmatter (e−σ g˜µν ,Φi))
∂g˜µν
. (41)
If the matter fluids couple minimally with gravity, that is, if the matter Lagrangian Lmatter (e−σ g˜µν ,Φi) =
Lmatter (gµν ,Φi) does not include any derivative of the metric gµν , the matter energy momentum tensor T˜ µνmatter
in the Einstein frame is related with the matter energy momentum tensor T µνmatter in the original Jordan frame as
T˜ µνmatter = e
−3σT µνmatter, that is, T˜matterµν = e
−σTmatterµν . When we consider the gravitational wave, we often use the
transverse and traceless gauge conditions. Since we are considering the scale transformation (17), if hµν , which is
7defined by the fluctuation from the background metric gµν = g
(0)
µν as gµν = g
(0)
µν + hµν in the original frame in the
action (12), satisfies the transverse and traceless gauge conditions,
∇µhµν = g(0)µνhµν = 0 . (42)
However, the scale transformed fluctuation h˜µν = e
σhµν does not always satisfies the first condition in (42), although
the second condition is trivially satisfied, g˜(0)µν h˜µν = e
−σg(0)µνeσhµν = g
(0)µνhµν = 0. For the first condition in
(42), under the scale transformation, we find,
∇˜µh˜ νµ = e−σ∇µhµν + 4e−σg(0)µτg(0) νρσ,τhµρ − e−σg(0) νρσ,ρg(0)µτhµτ = 4e−σg(0)µτg(0) νρσ,τhµρ . (43)
Then if we assume that a homogeneous and isometric background metric, and therefore σ only depends on the
cosmological time t and also g
(0)
ti = 0, then if we consider the perturbation with htµ = 0 since we are considering the
massless spin 2 mode, we find,
∇˜µh˜ νµ = g˜(0)µν h˜µν = 0 . (44)
Therefore the gauge conditions in (42) for the graviton are not changed by the scale transformation,
∇˜µh˜µν = g˜(0)µν h˜µν = 0 . (45)
Then under the condition (45), the equation for the gravitational wave can be written as follows,
0 =
1
2κ2
(
−1
2
(
−˜(0)h˜µν − 2R˜(0)λ ρν µh˜λρ + R˜(0) ρµh˜ρν + R˜(0) ρν h˜ρµ
)
+
1
2
R(0)hµν − 1
2
g˜(0)µν h˜ρσR˜
(0) ρσ
)
+ h˜µν
(
−3
2
∂ρσ∂
ρσ − 1
2
e−σω(φ)∂ρφ∂
ρφ− U (φ, σ)
)
− g˜(0)µν
(
3
2
∂ρσ∂τσ − 1
2
e−σω(φ)∂ρφ∂τφ
)
h˜ρτ
+
1
2
∂T˜matterµν
∂g˜ρτ
h˜ρτ . (46)
We are now interested in the massless spin two mode, which satisfies,
h˜it = h˜ti = hit = hti = 0 ,
∑
i=1,2,3
h˜ii =
∑
i=1,2,3
hii = 0 , i = 1, 2, 3 , h˜tt = htt = 0 . (47)
In the spatially flat FRW universe in the Einstein frame,
ds˜2 ≡ eσds2 = −dt˜2 + a˜ (t˜)2 ∑
i=1,2,3
(
dxi
)2
, (48)
where dt˜ ≡ eσ2 dt and a˜ (t˜) ≡ eσ2 a(t), due to the isometry in the spacial part, we may assume,
∂T˜matter tt
∂g˜ij
∝ δij , ∂T˜matter tk
∂g˜ij
=
∂T˜matterkt
∂g˜ij
= 0 . (49)
We may further assume that the matter energy-momentum tensor (41) in the Einstein frame has the following form
as in the perfect fluid,
T˜matterµν = ρ˜U˜µU˜ν + p˜γ˜µν . (50)
Here
(
U˜µ
)
is the four velocity of the matter fluid and we now assume U˜0 = 1 and U˜ i = 0. In Eq. (50), γ˜µν is the
projection tensor to the spatial directions perpendicular to U˜µ,
γ˜µν = g˜µν + U˜µU˜ν . (51)
We now also assume that the matter fluid minimally couples with the metric g˜µν , that is, the coupling between the
matter fluids and the metric does not include the derivative of the metric. Then, under the perturbation g˜µν =
g˜
(0)
µν + h˜µν , we find,
δρ˜ = ρ˜µν h˜µν , δp˜ = p˜
µν h˜µν . (52)
8On the other hand, the variation of U˜µ is given by using the condition U˜
µU˜µ = −1, that is,
0 = 2
(
δU˜µ
)
+ U˜µU˜ν h˜µν = U˜
µ
(
2g˜(0)µν δU˜
ν + h˜µν U˜
ν
)
, (53)
and hence we have,
0 = 2
(
δU˜µ
)
+ U˜µU˜ν h˜µν = U˜
µ
(
2g˜(0)µν δU˜
ν + h˜µν U˜
ν
)
, (54)
or equivalently,
δU˜µ = −1
2
g˜(0)µρ
(
h˜ρν U˜
ν + lρ
)
. (55)
Note that the arbitrary vector lµ satisfies U˜
µlµ = 0, but we choose lµ = 0 by assuming the isometry. Due to the
isometry, we may assume ρij and pij are proportional to δij , Then the (t, t) and (t, i) components of equation for
gravitational wave (46) are trivially satisfied and the (i, j) component is given by,
0 =
1
2κ2
(
1
2
(
−∂2t˜ h˜ij + a˜−2△h˜ij
)
+
(
3
dH˜
dt˜
+ 4H˜2
)
h˜ij + h˜ij
(
3
2
(
dσ
dt˜
)2
+
1
2
e−σω(φ)
(
dφ
dt˜
)2
− U (φ, σ)
))
+
1
2
p˜h˜ij
=
1
2κ2
(
1
2
(
−∂2t˜ h˜ij + a˜−2△h˜ij
)
+
(
3
dH˜
dt˜
+ 4H˜2
)
h˜ij + h˜ij
(
3
2
(
dσ
dt˜
)2
+
1
2
e−2σω(φ)− U (φ, σ)
))
+
1
2
p˜h˜ij . (56)
Here we have used
(
dφ
dt˜
)2
=
(
dt
dt˜
)2
= e−σ. We may rewrite Eq. (56) in the original Jordan frame. Since, h˜µν = e
σhµν
and a˜ = e
σ
2 a, we find,
∂
∂t˜
=e−
σ
2
∂
∂t
,
∂2
∂t˜2
= e−σ
(
∂2
∂t2
− 1
2
dσ
dt
∂
∂t
)
,
H˜ =
1
a˜
da˜
dt˜
= e−
σ
2
(
1
2
dσ
dt
+H
)
,
dH˜
dt˜
= e−σ˜
(
1
2
d2σ
dt2
+
1
4
(
dσ
dt
)2
+
dH
dt
)
,
∂2h˜ij
∂t˜2
=
∂2hij
∂t2
+
d2σ
dt2
hij +
(
dσ
dt
)2
hij + 2
dσ
dt
∂hij
∂t
− 1
2
(
dσ
dt
)2
∂hij
∂t
− 1
2
dσ
dt
∂hij
∂t
=
∂2hij
∂t2
+
d2σ
dt2
hij +
1
2
(
dσ
dt
)2
hij +
3
2
dσ
dt
∂hij
∂t
, (57)
Then, due to the fact that p˜ = e−2σp from (50) (T˜matterµν = e
−σTmatterµν and γ˜µν = e
σγµν), Eq. (56) is rewritten as
follows,
0 =
1
2κ2
(
1
2
(
−∂2t hij +
3
2
σ˙∂thij +
(
σ¨ + σ˙2
)
hij + a
−2△hij
)
+
(
3H˙ + 4H2 +
3
2
σ¨ +
13
4
σ˙2 + 4σ˙H +
1
2
ω(φ)φ˙2 − eσU (φ, σ)
)
hij
)
+
1
2
e−σphij . (58)
We should note that eσ is given in Eq. (14) and U (φ, σ) is given in Eq. (18). Then in terms of the Jordan frame, we
find,
σ = ln (F ′(R) + h(φ)G′(R)) ,
U (φ, σ) =e−σR+ e−2σ {−F (R)− h(φ)G (R) + V (φ)}
=
R (F ′(R) + h(φ)G′(R))− F (R)− h(φ)G (R) + V (φ)
(F ′(R) + h(φ)G′(R))2
. (59)
By choosing φ = t and using (33) and (34), we obtain,
1
2
ω(φ)φ˙2 − eσU (φ, σ)
9=− (F ′(R) + h(φ)G′(R))−1
(
2H˙ (F ′(R) + h(φ)G′(R)) +
(
d2
dt2
−H d
dt
)
(F ′(R) + h(φ)G′(R)) + κ2 (ρ+ p)
−
((
12H2 + 6H˙
)
(F ′(R) + h(φ)G′(R))−
(
4H˙ + 6H2
)
(F ′(R) + h(φ)G′(R))
+
(
d2
dt2
+ 5H
d
dt
)
(F ′(R) + h(φ)G′(R))− κ2 (ρ− p)
))
=− (F ′(R) + h(φ)G′(R))−1
(
−6
(
H2 +H
d
dt
)
(F ′(R) + h(φ)G′(R)) + 2κ2ρ
)
=6H2 + 6Hσ˙ + 2κ2e−σρ , (60)
and we can further rewrite Eq. (58) as follows,
0 =
1
2κ2
(
1
2
(
−∂2t hij +
3
2
σ˙∂thij + a
−2△hij
)
+
(
3H˙ + 10H2 + 2σ¨ +
17
4
σ˙2 + 10σ˙H
)
hij
)
+
1
2
e−σ (ρ+ p)hij . (61)
As an example, we consider the quasi-de Sitter spacetime case,
H = H0 +H1 (t− t0) . (62)
Here H0, H1, and t0 are constants and we assume the second term in (62) is much smaller than the first one, and the
third term is also much smaller than the second term, H0 ≫ |H1 (t− t0)| ≫
∣∣∣H2 (t− t0)2∣∣∣ by assuming H0 is positive.
We may also assume that H20 ∼ H1. Then we find,
R = 12H20 + 6H1 + 24H0H1 (t− t0) +O
(
(t− t0)2
)
. (63)
By further assuming |t− t0| ≪ |t0|, we find,
σ =σ0 + σ1 (t− t0) +O
(
(t− t0)2
)
≡ ln (F ′ (R0) + h (t0)G′ (R0)) + (24H0H1F
′′ (R0) + h (t0)G
′′ (R0)) + h
′ (t0)G
′ (R0)
F ′ (R0) + h (t0)G′ (R0)
(t− t0)
+O
(
(t− t0)2
)
. (64)
Then Eq. (62) can be approximated as follows,
0 =
1
2κ2
(
1
2
(
−∂2t hij +
3
2
σ1∂thij +△hij
)
+
(
3H1 + 10H
2
0 +
17
4
σ21 + 10σ1H0
)
hij
)
+
1
2
e−σ0 (ρ+ p)hij . (65)
Here we have neglected σ¨ and we put a = 1 because we now considering the propagation of the gravitational wave for
a time scale much shorter than the scale of the expansion of the Universe. For simplicity, we neglect the contribution
from the matter fluids by putting ρ = p = 0. Then we may separate the variables by assuming hij = e
ik·xhˆij(t).
Then from Eq. (65 we get,
0 =
1
2κ2
(
1
2
(
−∂2t hij +
3
2
σ1∂thij
)
+
(
−k
2
2
+ 3H1 + 10H
2
0 +
17
4
σ21 + 10σ1H0
)
hij
)
+
1
2
e−σ0 (ρ+ p)hij , (66)
where k2 ≡ k · k. By assuming hˆij(t) ∝ e−iωt, we find,
ω = i
3
4
σ1 ±
√
− 9
16
σ21 + k
2 − 6H1 − 20H20 −
17
2
σ21 − 20σ1H0 . (67)
For large wavenumbers, k2 ≫ ∣∣ 916σ21 + 6H1 + 20H20 + 172 σ2120σ1H0∣∣, we find ω ∼ k, and therefore there is no change
in the propagation speed of the gravitational wave as in the standard F (R) gravity case [44]. If σ1 > 0, however, the
gravitational wave is enhanced and if σ1 < 0, dissipation of the gravity wave occurs. The situation is very similar
to the propagation in a viscous fluid [45]. The enhancement or the dissipation of the gravity wave occurs due to the
term 32σ1∂thij in Eq. (67), which includes the first derivative of hij . In Eq. (56) in the Einstein frame, such a first
derivative term does not appear. Then the enhancement or the dissipation of the gravity wave occurs as an effect
originating from the scale transformation, h˜µν = e
σhµν . The effect of the enhancement or the dissipation from the
scale transformation has been also found in the standard F (R) gravity [46]. For the recently observed gravitational
waves, [47–52], the distances between the sources and the earth are about a few hundreds Mpc. Because no dissipation
or enhancement of the gravitational waves has been observed we find the following constraint in the present Universe,
|σ1| ≪
(
103Mpc
)−1
. (68)
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VI. ENERGY MOMENTUM TENSOR, ENERGY CONDITIONS AND CONSTRAINTS OF THE
AXION-LIKE PARTICLE MINIMAL COUPLING h(φ)
We now consider the conserved quantities like energy-momentum tensors as in [53], and also we shall constrain
the parameter δ appearing in the non-minimal coupling of h(φ) to the scalar curvature term G(R). In (28), the
energy-momentum tensor Tmatterµν of the matter fluids is, of course, conserved, ∇µTmatterµν = 0. As in the standard
F (R) gravity, the Bianchi identity indicates that the following quantity is conserved,
TF (R)µν ≡
2
κ2
(
1
2
gµνF (R)−RµνF ′(R)− gµνF ′(R) +∇µ∇νF ′(R)
)
. (69)
Therefore by using (28), we may define the conserved energy momentum tensor for the scalar field φ as follows,
Tφµν ≡ 2
κ2
(
1
2
gµν (h(φ)G(R)) −Rµνh(φ)G′(R)− gµν (h(φ)G′(R)) +∇µ∇ν (h(φ)G′(R))
+
1
2
ω(φ)∂µφ∂νφ+
1
2
gµν
(
−1
2
ω(φ)∂ρφ∂
ρφ− V (φ)
))
. (70)
Furthermore Eq. (28) can be rewritten as follows,
Rµν − 1
2
gµνR =
1
F ′(R) + h(φ)G′(R)
{
1
2
gµν (F (R) + h(φ)G(R) − F ′(R)− h(φ)G′(R))
− gµν (F ′(R) + h(φ)G′(R)) +∇µ∇ν (F ′(R) + h(φ)G′(R))
+
1
2
ω(φ)∂µφ∂νφ+
1
2
gµν
(
−1
2
ω(φ)∂ρφ∂
ρφ− V (φ)
)
+
κ2
2
Tmatterµν
}
. (71)
Then by using the Bianchi identity, we find the following conserved tensor,
Tˆµν =
2
κ2 (F ′(R) + h(φ)G′(R))
{
1
2
gµν (F (R) + h(φ)G(R)− F ′(R)− h(φ)G′(R))
− gµν (F ′(R) + h(φ)G′(R)) +∇µ∇ν (F ′(R) + h(φ)G′(R))
+
1
2
ω(φ)∂µφ∂νφ+
1
2
gµν
(
−1
2
ω(φ)∂ρφ∂
ρφ− V (φ)
)
+
κ2
2
Tmatterµν
}
. (72)
We should note that any linear combination of Tmatterµν , TF (R)µν , Tφµν , and Tˆµν , that is, T¯µν ≡ c1Tmatterµν +
c2TF (R)µν + c3Tφµν + c4T˜µν with constants c1, c2, c3, and c4, is conserved. On the other hand, in the Einstein
frame, the energy-momentum tensor T˜matterµν is not conserved but Eq. (40) indicates that the following quantity is
conserved,
Tµν = 1
κ2
{
3∂µσ∂νσ + e
−σω(φ)∂µφ∂νφ+ g˜µν
(
−3
2
∂ρσ∂
ρσ − 1
2
e−σω(φ)∂ρφ∂
ρφ− U (φ, σ)
)}
+ T˜matterµν . (73)
In the standard F (R) gravity, when F (R) behaves as F (R) ∝ Rm, if we include the contributions from the matter
with a constant EoS parameter w, for a flat FRW universe (30), the solution is given by,
a ∝ th0 , h0 ≡ 2m
3(1 + w)
. (74)
Then the effective EoS parameter is,
weff ≡ −1− 2H˙
3H2
= −1 + 2
3h0
= −1 + w + 1
m
. (75)
Then even if w > −1, when m < 0, all the energy conditions are effectively not satisfied for the energy momentum
tensor correspond to (72). However, in the axion-F (R) gravity model, all the curvature related terms, namely F (R)
and G(R), contain positive powers of the curvature, hence the energy conditions are satisfied. Let us elaborate on this
in a more detailed manner. When the curvature related terms dominate the evolution, namely at early and late-times,
the axion has two different behaviors. Particularly, for early times, the axion is frozen, and its average EoS parameter
11
is w = −1, recalling that the axion is the sole matter content of the model (1), and it is a dynamical field. Thus at
early times we have from Eq. (75) weff = −1, since w = −1. On the other hand, after the axion starts to oscillate,
the axion always scales as φ(t) ∼ a−3/2, as it can be seen from Eq. (11). It therefore gives an average EoS 〈w〉 = 0,
for all cosmic times ma ≥ H .
In principle, the radiation domination era solely can be used to constrain the parameter δ appearing in the non-
minimal coupling h(φ). Let us elaborate on this issue, because this point can be tricky, since during the early-time era,
the total energy density of the cosmological system is determined by the R2 gravity, due to the fact that the axion is
frozen in its vacuum expectation value, and during the matter domination era, the axion potential V ∼ φ2 dominates
the evolution, yielding a(t) ∼ t2/3. Thus the second part of Eq. (74) which determines the parameter h0 as a function
of the parameter m which is the power of the F (R) gravity, no longer holds true. The F (R) gravity-curvature related
terms do not control the matter domination era. However, at late times, the term h(φ)G(R) controls the evolution,
and it actually yields a asymptotically de Sitter evolution, asymptotic referring to large cosmic times [35]. Thus
the evolution is not of power-law type at late-times. During the matter domination era, the potential dominates the
evolution, thus since φ2 ∼ a−3 the solution V ∼ φ2 ∼ a−3 ∼ t−2, when equated to the total energy density evolution it
yields −3h0 = −2, hence h0 = 2/3 which is the expected behavior during the matter domination. Hence the only era
for which both the potential and the term h(φ)G(R) might be equally dominant is the radiation domination era, and
the combined action of the two yields a power law scale factor of the form a ∼ t1/2. If one of the two was dominant,
we would either have a matter domination era, or an asymptotic de Sitter solution as was evinced in Ref. [35] and
we previously demonstrated. This is a speculation though and strong numerical analysis is needed, but let us assume
that this is the case. In such a case, h0 = 1/2 during the radiation domination, and hence ρ ∼ t−3/2 so by equating
this to h(φ)G(R) ∼ φ−δRγ ∝ φ−δt−2γ and solving with respect to γ, we get,
γ =
1
4
(−3)(δ − 1) . (76)
Since 0 < γ < 0.75, Eq. (76) imposes a constraint on the values of the parameter δ, which is the following,
0 < δ < 1 , (77)
which is obtained by the assumption that during the radiation domination era, both the potential and the non-minimal
coupling term are dominant, however this a crude estimate and rigid numerical analysis is needed to effectively quantify
the dynamics of this era, so we refrain from going into further details. Let us now consider the energy conditions, to
efficiently examine if these hold true for the model (1). In the standard Einstein gravity, the energy conditions are
given for ρ and p in the FRW universe,
◦ NEC: ρ+ p ≥ 0 (78)
◦ WEC: ρ ≥ 0 and ρ+ p ≥ 0 (79)
◦ SEC: ρ+ 3p ≥ 0 and ρ+ p ≥ 0 (80)
◦ DEC: ρ ≥ 0 and ρ± p ≥ 0 (81)
The above conditions are rewritten in terms of the EoS parameter w if we assume ρ ≥ 0.
◦ NEC, WEC: w ≥ −1 (82)
◦ SEC: 3w ≥ −1 and w ≥ −1 (83)
◦ DEC: 1± w ≥ 0 (84)
Even for the models in this paper, we may require,
◦ NEC, WEC: weff ≥ −1 (85)
◦ SEC: 3weff ≥ −1 and weff ≥ −1 (86)
◦ DEC: 1± weff ≥ 0 (87)
It is obvious that the matter content of the model (1) satisfies the energy conditions quantified in terms of w, since
for early times w = −1, while for all later times, w = 0. With regard to the total EoS parameter weff , the values it
takes during all eras are as follows,
weff ∼ −1, inflation , (88)
weff ∼ 1/3, (h0 = 1/2), radiation domination ,
weff ∼ 0, matter domination
weff = −1, late times ,
so all the energy conditions quantified in terms of weff are satisfied.
12
VII. CONCLUSIONS
In this paper we investigated several theoretical and phenomenological issues related to axion-F (R) gravity in the
presence of a non-minimal coupling of the axion scalar to the scalar curvature. Particularly, we investigated the
ghost-free conditions and the Einstein frame implications of the model in general. Also we demonstrated how a
general cosmological solution may be realized by the scalar-F (R) gravity, by using the equations of motion in the
Jordan frame as the main constituents of a reconstruction method. Also, we examined the gravitational waves of
the scalar-F (R) gravity theory, and we demonstrated that the gravitational wave modes have the same propagation
speed as in F (R) gravity, but in some cases enhancement or dissipation may occur, an effect similar to that of a
propagation of a gravity wave in a viscous fluid. Finally, we performed a general study of the conserved quantities and
of the energy momentum tensor, and we investigated whether the energy conditions are satisfied. Also we discussed
the phenomenological constraints that are imposed on the non-minimal coupling of the axion to the scalar curvature
during the radiation domination era. A future perspective of this work is to extend the gravitational wave study in
terms of string theory originating Chern-Simons gravity, as in Ref. [12]. The existence of polarization asymmetry in
the gravitational wave spectrum, may indicate that a potential candidate theory that can harbor such effects is an
axion-F (R) gravity with axion Chern-Simons terms.
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